During plastic deformation, effects of microscopic voids on macroscopic mechanical behavior are important, because ductile fracture of metal materials occurs through nucleation, growth and coalescence of voids. Macroscopic anisotropy is also caused by distributions of voids and it depends on strain history, this is because growth behavior of voids is influenced by strain direction. In order to predict deformation or fracture behavior considering these effects of voids, numerical simulation using a constitutive equation which represents the influences of voids by internal state variables is required. In this paper, an anisotropic evolution equation of damage tensor considering three dimensional growth of voids is proposed. The theory is based on anisotropic Gurson's yield function which is established by substituting net stress tensor proposed by Murakami and Ohno into Gurson's yield function. Thermodynamical consideration and internal state variable theory are also used to derive the evolution equation. The matrix material is assumed to be elastic perfectly plastic solids in order to neglect work hardening and focus attention on the growth behavior of the voids. The accuracy of the presented theory is validated by using finite element analysis to unit cell model postulating regularly arrangement of voids. It is compared with numerical integration of the presented constitutive equation under proportional strain history with various strain ratios, and it is shown to be in good agreement with the theory.
Introduction
Under plastic deformation of metals, influences of microscopic voids on macroscopic mechanical behavior are important because ductile fracture occurs through nucleation, growth and coalescence of voids. It is well known that microscopic voids invoke macroscopic compressibility and anisotropy, even though matrix material is incompressible and isotropic. Furthermore, these phenomena depend on deformation history. For example, using a finite element model at which voids are distributed randomly, such behavior of voids can be predicted. However, extremely large number of nodes and elements are required. To solve ductile fracture problems, numerical simulation using a constitutive equation considering these phenomena is needed.
Gurson (1) has proposed a yield function and its flow rule considering these behavior of voids by introducing void volume fraction. Tvergaard and Needleman (2) has modified this model by adding parameters, the established model is called GTN model and well used to solve ductile fracture problems of mechanical structures. However, this model cannot represent anisotropy caused by distribution of voids because the influences of voids are taken into account by only one scalar variable. To represent anisotropic behavior, Hill's plastic potential is applied to Gurson's yield function so that the anisotropy is represented (3) . Nevertheless, Hill's potential and the void volume fraction are regarded as independent from each other even though both also represent distribution of voids. Therefore, the constitutive model is too complex and it is difficult to derive the evolution equation of the anisotropy. On the other hand, Murakami and Ohno (4) has proposed damage tensor in order to represent the anisotropy caused by directional damage. Moreover, the constitutive equations considering anisotropic damage are proposed by Chow and Lu (5) , Hayakawa and Murakami (6) .
But these theories cannot represent compressibility when the damage condition is isotropic because they are using von Mises type yield function. Co-authors (7) has proposed an anisotropic yield function which is derived by applying the damage tensor to Gurson's yield function, and derived its constitutive equation (8) . This model can describe the anisotropy and the compressibility together by the damage tensor. However, isotropic growth of void is postulated to derive an evolution equation of the damage tensor. Thus, this assumption cannot represent dependence of deformation history. Consequently, the purpose of this paper is to develop an evolution equation of damage tensor considering three dimensional (anisotropic) growth of voids. As a basic investigation, the presented constitutive equation is derived by postulating infinitesimal strain. The accuracy of presented theory is validated by finite element analysis of regularly distributed voids model under small strain (≤ 2%).
Theory

Damage tensor and net stress tensor
Voids in real metal materials should be distributed at randomly, with various size and shape. But it is not convenient to represent random arrangement of voids by state variable. Because of this, for simplicity, regular distribution of voids is assumed in this paper as Fig. 1 . This model has the assumptions below:
( 1 ) Ellipsoidal voids are arranged in a regular pattern.
( 2 ) The axes of ellipsoid coincide with lattice of the distribution. For descriptive purpose, this model is called regularly distributed voids model in this paper. Considering the periodical symmetry, deformation of this model is described by the unit cell in Fig. 2 . Damage tensor Ω is proposed by Murakami and Ohno (4) in order to represent anisotropy caused by damage as follows:
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Vol. 7, No.2, 2013 where n i is unit vector at principal direction. The principal value of damage tensor Ω i is defined as the area fraction of void projected to the surface at direction of the coordinate axis X i . In the model shown in Figs. 1 and 2, these components are given as:
where a i is the radius of the ellipsoidal void and L i is the side length of the unit cell. The principal direction n i coincides with the direction of the axis of the ellipsoid X i .
To describe the increase of stress by the effect of voids, damage effect tensor Φ and net stress tensor S are defined as Eqs. (3) and (4) respectively:
where c is a parameter for localization of damage (4) , 1 is second-order identity tensor and σ is Cauchy stress tensor. Net stress tensor S can be assumed as the mean stress of matrix. Using the net stress S, von Mises type equivalent stress of the net stress S eq is defined as:
where S is the deviatoric part of net stress and δ i j is Kronecker delta. In the equations throughout this paper, the summation convention is adopted for indices repeated in one term.
Anisotropic Gurson's yield function
Gurson's yield function (1) modified by Tvergaard and Needleman (2) (GTN model) is written in the following equation.
σ eq is von Mises equivalent stress, σ M is the yield stress of matrix, f is the void volume fraction and q 1 is the parameter added by Tvergaard and Needleman. When the parameter q 1 is equal to 1, Eq. (7) coincides with the original Gurson's yield function. A value of q 1 = 1.5 is often used. Substituting the net stress S into Eq. (7) for Cauchy stress σ in the case of q 1 = 1.0, anisotropic Gurson's yield function (7) is derived as:
where h is the additional parameter for the effect of the hydrostatic stress. Using the assumptions of the regularly distributed voids model, the void volume fraction f is represented as a function of the damage tensor Ω.
Thus compressibility and anisotropy is represented through the same variable Ω. Equation (8) is regarded as the function of σ, σ M , Ω.
Thermodynamical theory
Thermodynamical theory using internal state variables is well-used to derive constitutive equations (9) , (10) . This is based on the local form of the Clausius-Duhem inequality, which represents second law of thermodynamics:
Journal of Computational Science and Technology Vol.7, No.2, 2013 where ε is strain tensor, ρ is mass density, ψ is Helmholtz free energy per unit mass, T is absolute temperature, s is entropy per unit mass and q is heat flux vector. In order to neglect the effects of finite deformation and derive a constitutive equation simply, infinitesimal strain is employed and the accuracy of the presented theory is validated under small strain (≤ 2%).
Here, we denote a set of internal state variables by χ J (J = 1, 2, . . .), which represents variation of internal state by irreversible process. The Helmholtz free energy ψ is derived as function of ε, T, χ J .
If it is assumed that ε can be decomposed to the elastic part and the plastic part, as ε = ε e + ε p , and the effect of plastic strain ε p for ψ is represented through χ J , Eq. (11) can be reduced to the following equation.
Substituting the above equation into Eq. (10) and using the decomposition of strain rateε = ε e +ε p , we obtain the following equation.
Here, we consider elastic deformation under homogeneous temperature field (grad T = 0,ε p = 0,χ J = 0). Thus, Eq. (13) is reduced to the following equation.
Since the above equation must be satisfied with arbitraryε e andṪ , elastic constitutive equation
and state equation are obtained as shown below.
Assuming that these equations are satisfied with arbitrary process, the Clausius-Duhem inequality is finally obtained as follows:
where φ is dissipation per unit volume. Defining the thermodynamical conjugate force ofχ J and q/T as follows:
Equation (16) is expressed as the following form.
Here, if mechanical response of material is independent on temperature gradient, dissipation φ can be decomposed to the mechanical part φ m and the thermal part φ t as the following equations.
Defining generalized force X and flux J as X ≡ {σ, A J } and J ≡ {ε p ,χ J } respectively, the following expression of the mechanical dissipation is obtained.
It is assumed that dissipation potential F exists as a function of X and J is obtained using undetermined multiplier Λ as following equation.
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If the dissipation potential F coincides with the yield function, it is found that classical normality rule and the evolution equations of the internal variables are derived at once.
Derivation of constitutive equation
In order to focus attention on the growth of voids, work hardening of matrix is neglected, and isothermal process is considered here. Therefore, the set of internal state variables χ J is reduced to χ J = {Ω}, and the Helmholtz free energy ψ is assumed to be a function of elastic strain ε e and damage tensor Ω as ψ = ψ(ε e , Ω). In addition, ψ can be decomposed to elastic part and damage part as ψ = ψ E (ε e ) + ψ D (Ω) when the effect of Ω on elastic property is neglected. For the elastic part of free energy ψ E , the following form is employed using Lamé constants λ and μ.
Substituting the above equation into Eq. (15), an elastic constitutive equation is given as following isotropic linear elastic body's one.
For the damage part, ψ D (Ω) is represented by decomposition to the isotropic part and deviatoric part:
where Ω i j = Ω i j − (1/3)Ω kk δ i j is the deviatoric part of Ω, η 1 and η 2 are the parameters which express the effects for each term. From the above assumptions, the mechanical dissipation φ m is given as the following equation.
Defining the thermodynamical conjugate force of Ω as follows:
Equation (26) is expressed by the following form.
Finally, regarding anisotropic Gurson's yield function (Eq. (8)) as the dissipation potential, plastic strain rate and evolution equation of damage tensor are obtained as the following equations.ε
The multiplier Λ is calculated from the following Prager's consistency condition.
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where
i j is a component of inverse of damage tensor Ω −1 . In the above calculation, the following formula for derivative of inverse tensor (11) is used:
where A and C are general second order tensor. Total strain rateε is obtained from summation of elastic and plastic strain rate asε = ε e +ε p . The elastic strain rateε e is obtained from Eq. (24) as follows:
where E is Young's modulus and ν is Poisson's ratio. From Eq. (41) and Eq. (31), stress rate is derived as the following equation:
where L i jkl is as follows.
Incorporation of incompressible condition of matrix material
The constitutive equation and the evolution equation of the damage tensor are derived in § 2.4. But the incompressibility of matrix is not considered yet and it should affect evolution of damage. In this section, the incompressibility of matrix is represented by the damage tensor and is incorporated to the constitutive equation.
At first, neglecting elastic volume change, rate of the void volume fractionḟ is derived by the following equation.
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Substituting Eq. (9) into the above equation, the incompressible condition of matrix is expressed as:
note that following formula on material derivative of determinant (12) is used in the above calculation ( A : general second order tensor, D/Dt : material derivative).
Applying Eq. (29) to the above equation, we get the following expression.
1 2
In addition, substituting Eqs. (33) and (36) and solving for η 2 , the following restriction for the parameters η 1 and η 2 is derived.
The parameters in the constitutive equation are c in Eq. (3), h in Eq. (8), η 1 and η 2 in Eq. (25). However, using Eq. (49), the independent parameters are reduced to three, the parameter for localization of damage c, the parameter for the hydrostatic stress h and the parameter for damage evolution direction η 2 /η 1 .
Finite element analysis of unit cell
Finite element analysis of the unit cell in Fig. 2 is performed in order to validate the accuracy of the presented theory. Mechanical behavior of matrix material is assumed to obey the Prandtle-Reuss constitutive equation with the von Mises type yield condition, and elastic perfectly plastic solid is employed. Young's modulus E is normalized by yield stress of matrix σ M as E = 1000σ M , and Poisson's ratio ν = 0.3. The softwares used here are as follows: the pre-processor is HyperMesh, the solver is Abaqus Standard Ver.6.11.1 and the post-processor is HyperView.
Mesh division and boundary condition
For simplicity, isotropic arrangement of the voids is assumed in the reference configuration. In this calculation, the initial void shape is sphere (a 10 = a 20 = a 30 = a 0 ), and the unit cell is cubular (L 10 = L 20 = L 30 = L 0 ), where a i0 and L i0 are initial values of ellipsoid's radius and unit cell's length respectively. A ratio a 0 /L 0 = 0.337 is used so that initial void volume fraction f 0 is equal to 0.02. The applied mesh type is hexahedron 8 nodes linear element. Mesh division is shown in Fig. 3 , and this model has 15141 nodes and 13500 elements.
The boundary condition is applied in order to represent quasi-infinite media and macroscopically homogeneous strain field. For simplicity, it is assumed that the axes of damage and strain tensor coincide with each other. Schematic expression of boundary condition is shown in Fig. 4 . At the nodes on the planes with the void, displacement perpendicular to the plane is constrained to zero so that planar symmetry is represented. Because of the periodical symmetry, the planes without the void must displace perpendicular to the plane keeping their flat surface. In order to realize this condition, enforced displacement perpendicular to plane is applied to the nodes on the planes without the void.
Derivation of macroscopic variables
In this section, methods to derive macroscopic stress, strain and damage tensor are explained. Considering force equilibrium at the walls of the unit cell, a component of macro-Science and Technology Vol.7, No.2, 2013 scopic stress σ i j applying X i plane with X j direction is calculated from microscopic stress τ i j at the walls as follows:
where A i is area of plane toward X i direction. In the actual finite element analysis, σ i j is calculated by summarizing reaction forces at all nodes on X i plane and dividing it by A i as follows:
where r j is the X j direction component of reaction force. Strain is calculated from the value of the enforced displacement u i applied to the X i direction plane as the following equations.
At last, damage tensor components are calculated by the least square approximation of the nodes around the void by the following equation of ellipsoid.
Components of damage tensor are calculated by substituting value a i obtained from this and L i calculated from u i into Eq. (2).
Results and discussions
Discussion on progression of plastic region and energy dissipation
At first, progression of plastic region in the unit cell is observed. And the accuracy of the functional form of Helmholtz free energy (Eqs. (23) and (25)) is validated. Finite element analysis under uniaxial strain tension, ε 11 = ε 22 = 0 is carried out. To examine variation of elastic property, multiple unloading and reloading are applied by inverting of displacement increment. Relation between macroscopic stress and strain is shown in Fig. 5 . And Figure 6 shows progression of plastic region in the unit cell.
When plastic deformation begins in a part of the unit cell, the stress-strain relationship slightly transit from linear to non-linear (at point A). When the plastic region in the unit cell have fully progressed, stress begins to decrease (point B). After that, the plastic region is concentrated in the ligament parallel to maximum principal direction of strain, macroscopic Under the uniaxial strain tension, the stress applied to the planes with the direction X 1 and X 2 doesn't work because their displacements are equal to zero. The softening means decrease of dissipated heat by the growth of the void. As for the unloading process, approximated lines and their slopes are also shown in Fig. 5 . It is found that the slopes of the approximated lines decrease with the growth of the void. This means elastic strain energy is released by the growth of the void (5) , (6) . Schematic representation of their influence for dissipation energy is shown in Fig. 7 . From the comparison between Figs. 5 and 7, it is found that the influence of the void growth for dissipation energy at plastic deformation is larger than that at elastic one. Thus, the decomposition of the Helmholtz free energy
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However, this conclusion is different from Chow and Lu (5) , Hayakawa and Murakami (6) 's one. They derived anisotropic evolution equations by assuming that release of elastic strain energy is dominative in the energy dissipation of damaged materials. This is thought that their theories are for the relatively brittle materials that damage evolution due to the nucleation of voids is dominative. It is noted that this paper focus attention on growth behavior of voids. 
Approximation of the positions of the nodes around the hole by ellipsoid
It is assumed that the shape of void is approximated by ellipsoid and this assumption is used to derive the relation between damage tensor and void volume fraction. In this section, the accuracy of approximation of void shape is validated. Similar to previous section, the uniaxial strain tension is applied. Figure 8 shows the coordinates of nodes around the void x i normalized by initial void spacing L 0 . The red solid lines show approximation of void shape by ellipsoid. At relatively small strain (ε 3 ≤ 0.10), the approximation by ellipsoid is well agree with the FEM result. At larger deformation, it is found that void shape becomes from ellipsoid to cuboid.
To validate the accuracy of the approximation quantitatively, the error of the approximation U is defined as follows:
i is the X i direction coordinate of the kth node around the void and n is the number of the nodes around the void. Figure 9 shows the relation between macroscopic strain ε 3 and the error U. Interestingly, the error U shows complex behavior, which has some extremums. However, the error U is roughly increasing with deformation, and its value is less than 2% when macroscopic strain ε 3 = 0.10. Vol.7, No.2, 2013 
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Stress-strain relationship and strain-damage relationship
To compare the relations between stress, strain and damage tensor, triaxial strain condition is considered. To consider stress triaxiality, an angle θ is defined as θ = tan −1 σ eq σ H using the stress triaxiality in the elastic region (see Fig. 10 ). In each analysis condition, θ is varied from 0 ∼ 90 deg. For simplicity, strain components ε 1 and ε 2 are assumed to coincide and a ratio ε 3 /ε 1 = ε 3 /ε 2 is varied with each analysis condition. Time integration of the constitutive equation is numerically performed using Euler method. Figure 11 shows the relation between principal components of stress and equivalent strain ε eq = 2 3 ε i j ε i j . Figure 12 shows the relation between equivalent strain and principal values of damage tensor. The parameters for the presented constitutive equation are determined by the following methods:
( 1 ) To show good agreement with FEM result in stress-strain relationship under θ = 0[deg] (Incompressible tension, Fig. 11(a) ), which h and η 2 /η 1 have no influence, c is determined as c = 0.4.
( 2 ) From the stress-strain relationship under θ = 90[deg] (Equi-triaxial tension, Fig. 11(e) ), which η 2 /η 1 has no influence and h has the largest influence, h is determined as h = 1.0.
( 3 ) From the strain-damage relationship under θ = 45[deg] (Fig. 12(c) ), which the most anisotropic growth of the void is observed, η 2 /η 1 is determined as η 2 /η 1 = 2.0. As targets for comparison, anisotropic Gurson's yield function postulating isotropic growth of void (8) and the original GTN model are also drawn in figures. The parameters used for the former are same as the presented theory, the parameter for the latter is q 1 = 1.5. At first, according to the results under the equi-triaxial tension (Figs. 11(a), 12(a) ),there is almost no difference found between each constitutive equation. This is because that the void grows exactly isotropic. Next, seeing the results under the incompressible tension (Figs. 11(e) , 12(e)), each constitutive equation shows almost same value as well as the triaxial tension. However, in stress-strain relationship, the stress calculated through the FEA decrease with increase in the plastic deformation, while the numerical integrations of the theories shows constant value. This is considered to be due to the elastic expansion of matrix material.
Under the other conditions, it is found that evolution of the damage is anisotropic, and the present theory is shown to be good agreement with the FEM results. On the other hand, the assumption of isotropic growth of void cannot represent anisotropic growth, as a result, all components of the damage tensor coincide. However, the stress-strain relationship showed less difference between each evolution equation of damage. This is thought to be due to increase of stress triaxiality at the plastic deformation. Under the triaxial strain tension, stress triaxiality rapidly increases in the plastic region. Therefore, the second term of Gurson type yield function takes dominantly large value relative to the first term. The effect of stress Vol.7, No.2, 2013 direction is taken into account through only the first term.
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As the considerations mentioned above, the presented anisotropic evolution equation of damage tensor is validated and have advantage compared with the isotropic growth equation of damage. It is noted that evolution equation of damage should affect stress-strain relationship under non-proportional strain history, though less difference is found in the proportional triaxial strain history.
Conclusion
An anisotropic damage evolution equation considering three dimensional growth of void is presented in this paper. This is based on anisotropic Gurson's yield function and thermodynamical consideration. The accuracy of presented theory is validated by the comparison with finite element analysis of regularly distributed voids model. The knowledges obtained by this study are shown below.
( 1 ) From FEA of the unit cell under the incompressible tension, the influence of growth of void in plastic region is larger than that in elastic or unloading region. This conclusion is different from Chow (5) , Hayakawa and Murakami (6) 's one, however, their assumptions are thought to be for relatively brittle materials, which growth behavior of voids can be neglected. ( 2 ) The accuracy of the approximation of deformed void shape by ellipsoid is validated under the uniaxial strain tension. The error of the approximation is roughly increases due to deformation and its value is 2 % when maximum principal strain is 10 %.
( 3 ) Under the triaxial and proportional strain history, the presented theory showed good agreement with the FEM results while the assumption of isotropic growth of void cannot represent three dimensional growth of void. Though stress-strain relationship showed less difference between each theory, the influence should be shown in non-proportional strain history.
( 4 ) In the future, it is expected to incorporate work hardening behavior of matrix to the presented theory and apply to ductile fracture problems.
